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Abstract. 'We investigate the behaviour of the pairing model within the context of quantum
algebias. The pairing Hamiltonian is diagonalized exactly for different values of the deformation
parameter ¢ in systems with 8 and 50 particles. The same Hamiltonian is solved with the help
of the coherent state variational method. We find that the variational method gives reliable
results when compared with the exact ones. We also discuss the differences between the two
deformation procedures.

1. Imtroduction

Recently, the study of g-deformed models has received much attention in the literature.
Investigations are made either from the mathematical point of view [1] or conceming
possible applications to physical systems [2]. The final aim of these works consists of
finding a physical meaning to the deformation procedure and, in this way, showing the
range of validity and applicability of these models in physics.

Some toy models have already been investigated within the context of quantum algebras.
Examples of such studies are the effects of the deformation parameter on the phase
transition from the vibrational to the rotational regime in the su(2) Lipkin model [3], in
the su(2) @ su(2) Moszkowski model [4] and in two superconductivity models, namely the
‘su(2) ® su(2) Hubbard and the su(2) Thouless model [3]. For a fixed number of particles
in systems described by the maodels above, it was shown that the phase transition may occur
more rapidly, i.e. for weaker interaction strength or even be suppressed, depending on the
-deformation taken.

In this paper, we consider the pairing interaction in order to gain a better understanding
of the effects of the deformation procedure. The variational method is used to calculate
- the ground-state levels in systems with different numbers of particles and the results are
compared with the ones obtained from the exact calculation. One of the reasons for
performing the variational calculation in the pairing model is to establish its validity in
systems which are more complicated that the one considered in [3], where the method was
introduced, and hence justify its applications in systems where the exact calculations are
too difficult or even impossible. Even when the exact calculation is possible, the utilization
of the variational methed can be very useful, since it allows a more natural understanding
of critical behaviour in pseudo-spin systems [6],

Quantum deformation is first introduced in a way we refer to as naive and the
calculations are repeated. We find that the variational method gives reasonably good results
when compared with the exact ones. It is also a better approximation for systems with
larger numbers of particles. The phase transition of the model is analysed for different
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values of the deformation parameter. It is worth noting that there has been great ambiguity
in the procedures used for deforming physical systems because there are various different
ways to proceed and all of them go back to the same original system when ¢ — 1.
To get 1id of this problem, we could demand, as a deformation rule, that all underlying
symmetries in the original system be maintained in the deformed system for the quantum
algebra [7]. Following the rule we have just suggested, we finally study a second way of

introducing deformation and compare the results obtained with the ones we find with the
naive deformation,

2. The pairing models

The pairing model [8] consists of two N-fold degenerate levels, whose energy difference is
€. The lower level has energy —e/2 and its single-particle states are usuvally labelled jim
and the upper level has energy /2 and its single-particle states are labelled joms. The
pairing Hamiltonian reads

H= 'Z( mEam .nmafl'") GZZ Gjm@ sz 2 af i Gj'm' 1

f me0 J w0

where a;-’,,-! = (—1)/ “™@;_m - In what follows, the number of particles (which are fermions),
N, will be even and 2j = N/2.

Introducing the quasi-spin su(2) generators

_ o _
Sy =5 Z 8jmy J'I.ml

my=>0
1 i 1
S,=3 Zajlmlajlml —3N
my
2}
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Ly= LT" = Z ajzmza}zﬁz
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where
[S4,8.]1=28; [S:, Sx] = £84
(L, L-1=2L, (L, Lel==%Ly 3
[Li) §]=0

one sees that the pairing interaction has an underlying su(2) @ su(2) algebra. With the help
of (2), equation (1) can be rewritten as

H=¢e(l,—85)—G(Le+S)(L_+5.). 4

However, the condition §; 4+ L, = 0 fixes the number of particies [8], and then we obtain

H G
- =26 —"ﬁ(L...L_ +845-+ LeS-+5,L-) (5)
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where G = NG/e. The above Hamiltonian is the one we diagonalize exactly and also
utilize to find the ground-state energy of the system through the variational method. The
basis of states in which (5) is diagonalized is |S = §NL,, L = {N — L.).

Deformation can be introduced straightforwardly by deforming the su(2)®su(2) algebra.
The generators of the su,(2) algebra obey the following commutation relations

e Jl=2h] [ Ja) =& ®
where
M= NG
q9—q

g is the deformation parameter such that when g — 1, [x] = x. In our case, J can be
either L or §. The matrix elements of the deformed:- su;(2) operators in a |jm) deformed
basis are easily obtained from

Sl jmy = m|jm)

(8)
Jeljm) =i Fmilj xm+1]1jm £ 1),

In this way, one can obtain the eigenvalues of the deformed Hamiltonian for any desired
value of the deformation parameter. In this work we are mainly concerned with the ground
state and first excited levels. For diagonalizing the deformed Hamiltonian exactly, we use
the definition G = [N]G/e [9]. -

3. The coherent state variational method

In this section we discuss the variational method used to obtain the ground-state energy
where the trial state is given by the su,(2) coherent state [10]. For this purpose we need
the su, (2) operators in the Bargmann space [10]

el = (3= 1))

(|41 = (g ¥ 22D, + [2f1zLg1)2l¥) )
ElJ_1¥) = D, {z|¢)

.where |1} is an arbitrary state and

flqz) — flg~'2)

DI ==y

- - (10)
is the g-derivative and ] .
Lo f@ =f@g'D. : (11)

When g — 1, the usual formulae are recovered. Finally, we need to calculate

Ey = min { A1) | (12)
z (zlz}
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where
|2) = |21) ® |22} = |z122) = eZt L+ e225+(0) . (13)

where 2j = N/2 and the g-exponential is given by

n

o0
X x .
5= . - (14)

n=0

and |z} is a state belonging to the su,(2) ® su,(2) space. Notice that the L operators act
on the subspace spanned by the |21} states and the S operators act on the subspace spanned
by the |z;) states.

To obtain Eg in (12) from (5) we start with

{z|L:]2)

e =25 X;(z2121) — j (15)
where
X:(zZ —zj_‘ ————-——I - (i6)
J(ZZ) - ; qz(.f-'k)—l + 77

the normalization of the coherent state [z} is

zlz) = Rz 2 [1(H) 2z an
where
. 2j_l . '
@iz} = 1PnHY = [ [+ 55) (18)
k=0

and a similar equation is used for (z5|z2}. Notice that the g-binomial is given by

laH" = [’,’C‘]am—*(ﬂ)k 19
k=0
where
mj [m}! | . L ’
[k] T im - KA 20)

From (9), we calculate

Rl gD RmEPT? [T g
e R RS s YRR T G
1)
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Notice that {z|S;S_|z}/{z|z} can be read off from (21) by exchanging the indices 1 with 2
and {z|S,.L_{z)/{z|z) can be read off from (22) by the same exchange. At this point, we
can write _

(z|H /e|z)

= =2znz1X;(z121) — /)

_ G _ 2iryiira ( 2 (U252 2-2[1<+')z22212f-%)
[N] |: q Izj}[zj 1] l 1"‘""‘“"‘""—“"—‘—‘[](+)ZI 7 ]21 zZzZ__[I(—l—)szz]zf

_ [1(+)q lZi!’-’llz" L e [1(P)g 12205 !
FASTENE SETTES PR T
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Hanl [z /]

+ [2J]2(

+ (2122 + 2271) (23)

For further convenience, we parametrize the complex numbers z; and z; as follows
z; = tan %Be"“" z; = tan %B'ei"t‘r (24)

where 6,6 & [0, 7] and ¢, ¢’ € [0,27] and use the fact that L, + S, = 0. From this
constraint we have

N1 1

DAL+ Siz) =28 Y e
2+ 5:)2) = z;2; ’Z‘; AR
Nj2—1 : g
1 N
+ 2% E e — = (], (25)
= S

After parametrizing the above equation, it becomes

N/2-1 1

2 19
z g cos? 10gN/2-1-2% 4 sin® 10 |

N/j2-1 ©

+ sin” 1o’ - (26
kZU: cos? 19/qN/2-1 % sin? 19’ e

Notice that the above équation shows that 6’ is.a dependént function of 8. Satisfying this

constraint and minimizing H /¢ to obtain Ey (which becomes a function of just one variable),
we finally obtain

EGQ = _% + 2sin” 26 B(9)

F 2N/t %e tan %9' cos(d1 ~ ) E(, 6] (27)
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where

N2 1
B@) =
@ ; (ccas2 $0gNI2H1=2% 4 gin? %e)

C{,6) = c() +c(@)

o) = sin® £
{cos® 16 +q“”f’2+1 sin’ 1“))(ccrs2 10 + g¥/2-1sin® £8)
D@, 8" =d@) + 4@ (28)
sin® 10
d(@) =

{cos? 16 + g/ 15in* 16)
E@.0) =e@) x e®)

N2-2 ~NJ242 G2
£(6) = (cos® 16) iy {cos? %3 + g%-NIH2gin % 6)
2 IR (cos? 1§ + g%-Niz+l sin? L)

and c(0), d(6") and {6’} are obtained from c(8), 4(6) and £(6), respectively, by exchanging
& with &',
For the state of minimum energy

3 Eo
=0 2
3 — o) 7 @

which implies that cos(¢y — ¢2) = 1. In our calculation we have always taken Geg > 0.

4. Symmeiric deformed pairing interaction

As already stated in the introduction, there is a certain degree of ambiguity in the way a
physical system can be deformed. In the previous section, we have discussed the deformation
of the pairing model in a way that seems to be the most natural one. This is the reason
we call it the naive deformation procedure, However, the deformed Hamiltonian does not
preserve any symmetries of the original Hamiltonian. In this original Hamiltonian, given
in (5), the terms which represent a one-body interaction (e¢(L, — S:)) have an underlying

su(Zji+1)®su(2jr+1) symmetry, Notice that S; commutes with all su(2/, + 1) operators
which are

.
hi = Gy, Bjym

and

Ejj = ﬂ},m,ﬂﬁm, (30)

where i # j. The same statement is valid for L. One can show [11] with arguments
similar to the ones used by Floratos [12] that the naive deformation procedure does not
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produce one-body terms with an sug(2j; + 1) @ su4(2j2 -+ 1) symmetry, which would be the
quantum-deformed counterpart of the original system. In apalogy to Floratos’ deformation
technique, there is a special recipe to deform certain Hamiltonizns in such a way that they
keep their ongmal symmetry. Following his recipe, we can write
e 1
" 22sinhy/2
__ esinh(Zy L,) cosh(y N /2)
_ 2 2sinh y /2 :
for the interaction strength G.¢ = 0 and where ¢ = e¥. Notice that the above Hamiltonian
bears an underlying s#,(2) @ su,(2) symmetry. The Hamiltonian we diagonalize exactly is
the one given above plus the interaction term written in (5).
At this point we have to calculate {z;|sinh 2y L;|21)/{z1|z)) which we do as follows

2ziisinh 2y L, |z;) = g% (21|21} — ¢ 7L (zy|21)

(sinhQy L, + yN/2) + smh(ZyL - yN/2))

e

=g g YN 1 ()nn ] — gHg P Dz (32)
Here we need to use the following property
=Y () = flg") (33)

where

2
f@ =) a"

n={

Equation (32) can be rewritten as

{nisinh2yL,jz;) _ 1 ( o (Mg nz]Y _qzj{1(+)q-2zlz|]2f ) (34
{z1]21} 2 U(Hzz U Hzanp J
With the help of (18), we obtain
[1(H)g2z8% (1 + ¢ *23)
[1(H)zz¥ (1+g~%+1z3)
and )
[1()g~%221% (1 +q722E) (35)
P2z (1+q%1z)
" Substituting the above expressions properly in (34), it becomes
(ailsinh2yLylzy _ 12/1G38 — g —q7") 36)
{z1]z1} 2(1 + g~ ¥+ z13)(1 + q%-z12)) _
and an analogous expression is obtained for {z;| sinh 2y $;|22) /(22|22). Finally
{|H/elz) _ 1271@"2 +47V7) (sin® 36 — cos’ 36)
{zlz) 2[1/2] - (cos?38 +q~N/2+1sin® 18)(cos? 16 + gN/2-1 sin? 1)
G R -
= Tl Y PIN/AIN /2 = NCE, 69 +IN/2P D6, 6)
© +2[N/21 tan 10 tan 16’ cos(d, — $2)E6, 6] (38)

where C(9,6"), D(8,6') and E(9,6') are given in (28).
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5. Results and conclusion -

To start with, we have checked the effect of the quantum deformation on the pairing model.
For this purpose we have performed an exact calculation to obtain the eigenenergies for
systems with 8 and 50 particles. With these resuits we have observed the thermodynamic
phase transition undergone by both systems. In figures 1 and 2 we have plotted (Ey— Eq) /e
as a function of the interaction strength G.g for different values of g, in order to study the
phase transition. It is easily observed that the phase transition is gradually suppressed with
increasing ¢ for a fixed number of particles. The same is true if ¢ is kept fixed and the
number of particles is increased.

2.80 3.00
2,40 250 1
2.00 -
[=
2,00 - 2
© =
o
o
:"6 ~ L5 -
W <
I 1.60 w
‘..‘."_ - o 1.00 4
1,20 -
050
.80 —_— : — 000 . .
0.00 .00 2.00 300 400 0.00 1,60 200 s 400
Gatr Gatt

Figure I. (E; — Ep)/e as a function of the interaction  Figure 2. The same as in figure 1, but for 30 particles.
strength Gegr obtained from the exact diagonalization The full curve shows the resuits for ¢ = 1.0 and the
of (3) for eight particles. The full curve is drawn for  broken curve for ¢ = 1.05.

g = 1.0, the broken curve for ¢ = 1.2 and the long

broken curve for g = 1.5.

Secondly, we have studied the validity of the variational method. In doing so, we have
deformed the systems in two different ways, called the naive and symmetric deformation
procedures. In figures 3 and 4 we show a comparison between the ground-state energies
cbiained exactly and variationally for a system with eight particles and different values of
g. In figure 3, we utilized the naive deformation procedure and in figure 4 the symmetric
one. We have done the same in figures S and 6 for a much larger system, where 50 particles
have been considered. Analysing these four figures, we observe that the variational method
is indeed 2 good approximation even in the case of the pairing model, which is much more
complex that the previously studied Lipkin model {3]. The method improves when more
particles are taken into account for a fixed deformation and also for lower deformations
when the number of particles is fixed. It is worth mentioning that both deformation
procedures, i.e. the naive and the symmetric, give the same qualitative behaviour. However,
the symmetric deformation procedureseems to enhance the effects of the g-deformation.

We have not plotted phase transition curves obtained from Hamiltonian (31) because it
gives a behaviour analogous to the one shown in figures 1 and 2.

_ Finally, we would like to point out that the variational method is also valid in complex
systems even when quantum deformation (either naive or symmetric) is introduced. This
fact helps in calculations where the exact result is not easily obtained.
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Figure 3, The ground-state energies (£g) as a function
of the interaction strength Gegr for eight particles. The
full curves show the results obtained from the exact
diagonalization of (5) for ¢ = 1.0, 1.2 and 1.5 (lower
curves represent smaller deformations). The broken
curves show the resolts obtained from the variational
method also for ¢ = 1.0, 1.2 and 1.5, .
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Figure 5. The same as in figure 3, but for 50 particles.
The lower curves are plotted for 4 = 1.0 and the upper
ones for ¢ = 1,05,
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